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Abstract. We present a comprehensive theory of the electrical conductance G of phase-coherent,
multi-channel, resonant structures in the presence of superconductivity, When voltages of the
order of the level spacing are applied, particle~hole symmetry is broken and our results differ
significantly from earlier descriptions. After deriving generalizations of the weill-known Breit-
Wigner formula, valid in the presence of superconductivity, resuits for resonant transport in three
classes of structure are obtained. First, for a superconducting dot (SDOT} connected to normal
contacts (N), we examine the change in conductance as the magnitude of the superconducting
order parameter increases from zero. The change is typically negative, except near a normal-
state resonance, where large positive changes can cccur. Secondly, for a structure comprising
a normal (N} contact, a normal dot (NDOT) and a superconducting (S) contact, we predict that
finite-voltage, differential conductance resonances are strongly suppressed by the switching on
of superconductivity in the S contact. In the weak-coupling limit, resonances which survive
have a double-peaked line-shape. Thirdly, analytic results are presented for superconductivity-
enhanced, quasi-particle interferometers (SEQUINs), which demonstrate that resonant SEQUINs
can provide palvanometric magnetic flux detectors, with a sensitivity in excess of the flux
quantum,

1. Introduction

Recent advances in the fabrication of nanoscale structures have led to increasing interest in
transport through resonant tunnel junctions and quantum dots [1, 2]. In part this is due to
the new physics associated with Coulomb blockade [3} and in part due to growing interest
in quantum chaos [4-7]. The bulk of work in this area has focused on normal structures,
but more recently attention has turned to hybrid structures involving a superconducting
component. Recently it has been demonstrated experimentally that the energy gap of a
superconducting dot is directly observable through Coulomb blockade experiments [8] and
theoretical work on incoherent transport through such dots has been carried out [9]. In
this paper, we present a detailed description of the effect of superconductivity on phase-
coherent transport through resonant structures, in the limit where charging effects can be
ignored. This limit should be experimentally accessible, because even intimate contact with
a superconductor will not broaden states below the gap. Many new phenomena involving
coherent transport through resonant superconducting hybrids are expected to manifest
themselves in a small number of generic structures, One such example is a ‘N-NDOT-5"
structure comprising one or more normal (N} current-carrying leads, in contact with a normal
zero-dimensional ‘dot” (NDOT), which in turn makes contact with a superconducting (S)
lead. In contrast with the zero-voltage limit, where a general multi-channel description of
_this structure is available [10], there currently exists only a single one-dimensional study
of finite-voltage, resonant transport [I1], in which a -function potential well, with a single
localized state, is introduced into a one-dimensional insulating barrier.
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To understand the new physics likely to emerge in such a structure, it is useful to recall
the known properties of a N-NDOT-N’ gystem, in which excitations incident from normal
contacts (N, N) can resonantly tunnel through the NDOT. In this case the zero-temperature
electrical conductance is G = (2¢%/h)Ty, where Tp is the normal transmission coefficient
through the device. When contact is made with lead N (N'), the levels of the NDOT
are broadened by an amount I" {['’) and, ‘on-resonance’, Tp is given by the Breit-~Wigner
formula [12, 13]

To = 4T/ /(T + T2 (1.1

The statistical properties of these resonant values of G are determined by those of I' and
I, which in furn depend on the values of the wavefunctions of the resonant level at the
contacts. 1t is here that ideas originating from studies of quantum chaos can be used to
yield general predictions about statistical properties [4-7]. In contrast with equation (1.1},
the sub-gap, zero-temperature electrical conductance of a N-NDOT-S structure is given by
the Blonder, Tinkham and Klapwijk (BTK) formula [14) G = (2¢2/h)2R,, where R, is
the probability that an excitation incident from N will Andreev reflect from the NDOT-8
composite scatterer. For energies less than the superconducting energy gap A, levels are
broadened only by the N-NDOT contact. For charge transport to occur, an electron from
the N lead must normally transmit into the NDOT (with probability proportional to I'}),
normally transmit into S (with probability ¢ _) and Andreev convert into a hole, The
hole must then enter the dot (with probability ¢’ ) and finally exit into the N lead (with
probability I",). The resulting analogue of the Breit-Wigner formula for R, is of the form
[10]

R, = A[lo! _o! /T2 +0, ol 1% (1.2)
For a normal system described by equation (1.1), G is 2 maximum when

r=r1". (1.3
For a system described by equation (1.2), G is a maximum when

ri=o) ol 1.4)

Hence resonances are predicted [10] to persist when superconductivity is switched on,
with a probability comparable with that of the normal state. In section 6 (below), we
present a detailed analysis of multi-channel resonant transport, which confirms this zero-
voltage prediction, but which also contains the surprising prediction that resonances in the
finite-voltage differential conductance are destroyed by superconductivity. Furthermore, in
contrast with single-peaked resonances predicted in {10], finite-voltage resonances which
do survive can have a twin-peaked structure.

A second class of structures involves two {or more) separate superconductors S and
S, with respective order parameter phases ¢, ¢'. The resonant energies of a N-S§' or
N-NDOT-88' composite will vary periodically with the phase difference ¢ — ¢’ [15-
22] and one expects novel features to appear, not yet observed in the small number of
Andreev interference experiments carried out to date [23-26]. Depending on the particular
geometry, quasi-particle interference effects can be significantly enhanced by the presence of
superconductivity and in section 7, generic properties of such superconductivity-enhanced,
quasi-particle interferometers (SEQUINs) are highlighted.
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A third class of generic structures is formed when a normal lead makes contact with a
superconducting dot (SDOT), which in turn makes contact with a second normal lead. It is
known [27, 28] that when a superconducting island is added to a normal host, the electrical
conductance can either increase or decrease, depending on the microscopic configuration of
host impurities. This prediction has been confirmed experimentally in metallic samples [29,
30}, but the role of resonances remains to be clarified. For a N-SDOT-N' structure, the
BTK. formula [14) for G does not apply and more general current—voltage relations [31-33)
involving normal and Andreev transmission probabilities must be used. In what follows,
after deriving Breit—Wigner analogues for these quantities, we obtain analytic results for the
change in conductance due to the switching on of superconductivity in a resonant dot.

For simplicity, we restrict the following analysis to structures for which well-defined
dc transport measurements exist and therefore do not discuss Josephson junctions formed
from S-NDOT-8' structures [34-37]. In appendix A, a general approach to finite-voltage
transport through phase-coherent structures is discussed, and in section 2, an analogue of
the Breit-Wigner formula for arbitrary phase-coherent structures is derived. In section 3,
these sections are combined to yield general results for resonant transport in the presence
of Andreev scattering. In sections 4 and 5, analytic resuits for N-SDOT-N and N-NDOT-
S structures are presenied and in section 6, generic properties of resonant SEQUINs are
described. Finally in section 7, analytic predictions are compared with the results of exact
numerical solutions of the Bogoliubov—de Gennes equation in two dimensions.

2. Analysis of phase-coherent, resonant transport

In this section we derive an expresston for the quasi-particle scattering amplitude s, »(E, H)
and trapsmission coefficient T,y = Sy (E, H )I? between two scattering channels n, n’ of
an open vector space A, in contact with a sub-space B. These quantities are functions of the
quasi-particle energy E and the Hamiltonian H of the combined structure and, as discussed
in appendix A, underpin various conductance formulae derived in subsequent sections.
The result is very general and makes no assumptions about the presence or otherwise of
resonances. More precisely, we describe a quantum structure connected to ideal, normal
leads of constant cross-section, labelled L = 1,2, ... and therefore begin by considering
two vector spaces A and B, spanned by a set of basts functions. In what follows, the
sub-space B represents the structure of interest and sub-space A the normal leads, as shown
in figure 1. The Hamiltonian is H = H, -+ Hp 4 H{, where H, allows transitions between
the sub-spaces. Since H; can be written

o w
m=(m ) @
the Green’s function G for the combined space A @ B has the form
Gan Gag
G= . 2.2
(GBA Ger ) @2)

For n # n’, the result, which we derive for normal leads described by a real Hamiltonian,
is

Tow = 4 Trace [[(n)G gl (n}G pp'] (2.3a)
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and forn=nr'1is

Ty = |1 — 2i Trace [[(n)Gzz] | (2.3b)
where

Gps '=gp ' —¢' -6 +il (2.4)
and the trace is over all internal levels of B. In these expressions, '(n) is a Hermitian
matrix of inverse lifetimes, I' = }_, I'(n), o and o’ are Hermitian self-energy matrices and
gp is the retarded Green’s function of sub-space B when #; = 0. The above result has

been cast in a form which resembles the Breit—Wigner formula, but is very general and
makes no assumptions about the presence or otherwise of resonances.

Closed portion of
sub-space (A).

Figurc 1. A sketch of a closed sub-space B, in contact with an
open sub-space A.

The form of equations (2.3} and (2.4} highlights the essential difference between open
and closed channels. In the absence of open channels, o and I' are identically zero and
if the sub-space B is closed, Gpp describes a quantumn structure with well-defined energy
levels, shifted by the self energy o arising from contact with closed channels. Clearly no
quasi-particle transport is possible through such a structure. When contact is made with
open channels, the levels are further shifted by the self-energy matrix o and more crucially
are broadened by the lifetime matrix I'. If the sub-space B is closed, it can be shown that
equations (2.3) satisfy

ZTM' = ETn'n = 1.
n r

During the past decade, the Breit—-Wigner formula [12, 13] has been applied to a variety
of problems involving resonant transport in normal-state structures, including normal-metal
rings [42], quantum Hall structures [43] and, more recently, Fano resonances in quasi-one-
dimensional wires [44]. For a normal-metallic conductor, under resonant conditions, where
the level spacing is much greater than the broadening, Biittiker has presented a multi-channel
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derivation of the Breit-Wigner formula through a single resonant level [45]. This limit is
recovered from equation (2.3) by restricting the trace to a single level. In what follows, we
shall encounter situations in which, due to particle—hole symmetry, degenerate states can
simultaneously resonate, and therefore the more general formulae (2.3) is required.

To derive this result, we recall that when Hy = 0, G reduces to the Green’s function g
of the decoupled system, where

{8 O
(5 0)

and noting that G = g(1 — H2)™" yvields

(GAA GAB) - ( ga(l— "1’.3131""‘L.g_,d.)_1 gafl — WgBngA)_"_’_VSB) .26
Gps Gpe gs(l— WigaWep)"'Wigy,  gg(1— WigaWgs)™
Rewriting the above result for G, in the form

Gan=ga+8aWea(l—WigaWep) ' Wigy @7
vields

Gas=ga+8aWGasWiga (2.8)

Gap=2aWG3pp (2.9)
and

Gpa=GzaW'ga. (2.10)

These demonstrate that once Ggp is known, all other quantities are determined. To
obtain an expression for transmission coefficients we introduce a set of states {|7)}, which
span the sub-space A, and write ga = 3 ;- |7)gas (m|. Since part of A consists of a number
of ideal, straight, normal leads of constant cross-section, described by a real Hamiltonian, it
15 convenient to associate a sub-set of the states {|n)] with open channels of these leads. For
these states, we introduce the notation |r) = |n, x}, where n is a discrete label identifying
the lead, quasi-particle-type, transverse kinetic energy and any other quantum numbers of
an open channel, and x is a position coordinate parallel to the lead. With this notation,

ga= Y I x)gn(x, XM, x| + Y 1) gan 70| @11)

nxx M

where the prime indicates a sum over states [72}, |##) orthogonal to open channels.

If the lead belonging to channel 7 terminates at x = xr, then on the surface of the
lead, the Green’s function g,(x, x) takes the form g,(xp, xr} = g,, wWhere g, = a, — ib,,
with a, real and &, equal to 7 times the density of states per unit length of channel n.
Furthermore, if v, is the group velocity for a wavepacket travelling along channel », then
hv, = 2b,/|gn|*. For example, for a normal lead terminating at x = x; and described by a
tight-binding Hamiltonian of the form

Hop =) elrirl— Y ylr)r|

rr
nearest
neipghbours
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one obtains
8n(x, X'y = [1/(hv,)Hexpliky [x — x'|] — exp[—iky (x + ' — 2(xy + a))]}

where & is the longitudinal wavevector of channel #. From this expression it is clear that
if x and x’ are positions located between x;, and some point x,, then

—2
nCx, x) g (x', xp) = —Im gp(x, X'} = —Img,(x', x). .12
hu, Ry,

If x, is some asymptotic position far from the closed end of the lead containing channel
n and far from the scattering region (i.e. contact) defined by Hj, then the transmission
coefficient from channel # to channel n (r % n’) is [18, 32]

Tow = Fivht) {1, Xo|G anln', 2} (2.13)
and since

(n Xa|Gaaln's X} =) gn(tn, X) (1, X WG 5aWHin', 2} gus (x”, Xu)

x,x

one obtains

To =4 )_[lmga(%, ))in, X\WGpsWiln', )i, )W G W', #)* I g (', 2]

x.x
2

(2.14)

To obtain equation (2.3a2), we introduce eigenstates of Hy, satisfying Hg|f,) = &| fv)
and write

gz = —’g“)_(f:'. (2.15)

v

From the expression for Gz given in equation (2.6), this yields

Gez = (gz~" — WigaW)™' =3 | fulGradu (fol 2.16)
.y
where
(G v = (E — )80 — {fulWigaW| fi). (2.17)

Combining this with equation (2.11) yields

(Gon™ Vv = (B — €8s = 3l WHn, x)gux, x') (. 2| W| £,)

z

= Gl W gin RIW £, @18)



Andreev resonances in quantum dots 8763

In general, since the (on-shell) energy E lies in a region where the contribution to
the density of states from gz is zero, Imgsn = O and gz = g,. For this reason it is
convenient to introduce the notation

O = D (Ful W) o (RIW | £,) 2.19)

Tuu(n) = Y {fulWHin, x)[Re gu(x, x)lin, 2’| W1 £, (2.20)

O = 3 Ouy() (2.21)

Euy = Ouy + 0, (2.22)

Tu(n) = = _{ful Wiin, x)[Im g, (x, x){n, x| W1 £,) (223)
and

Ty = Y Tpu(). (2.24)

Clearly the matrices o', o(n) and I'(n) are Hermitian. With this notation

(G3p)uy = (B — &)8uy — By +ilpy (2.25)
or, alternatively,

(G38)u = (G'58) 4y — v + iy 2.26)

where Gy is the Green’s function arising before open channels of external leads are
connected to the dot, given by

(C'3p)y = (E — €)8u, — 0. 2.27)
Furthermore equation (2.14) iaecomes

Tow =4 Y Fup(n)(Gap)un(Grs)yy Tuv () (2.28)

s

which completes the derivation of equation (2.3g). The derivation of equation (2.35) is a
straightforward extension of the above analysis, starting from the fundamental relation

Ton = (Avs)2 1, x51G aaln, xz) — 112,
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3. Expressions for scattering coefficients in the presence of Andreev scattering

In this section we collect together some general formulae for use in later sections. Equation
{(2.3a) or equivalently (2.28) immediately yields expressions for the coefficients Pg‘s (E, H}
introduced in appendix A. Indeed for n # n’, following the notation of appendix A and
writing n = (i, a,a), ' = (j, b, ), yields

PP(EHY=4 Y Tuull,@)(Gas)ur(Crs)w Tw (s B) 3.1
popy’
where
Tyu(h o) = > Tyul.a,e). (3.2)
a

For structures where transport is dominated by quasi-particle resonances, only those
levels with €, & E are important, and therefore a good approximation is obtained by
restricting the sums on the right-hand side of equations (2.15) and (3.1) to a small number
of states. The standard Breit-Wigner formula is obtained by keeping only a single term,
which yields

= [fo){fol
GBB B (E - ep) -z + irvu (33)
and
Peb e, Hy = — Tl T, B) o

](E - Ev) - zw + iI-‘wl2 '

In sitzations where the structure B contains degeneracies, it may be necessary to retain two

terms, which we label with indices v = + and v = —. In this case
Gap= 3 1AXGas™ Yowifyl (3.5)
=k

where the 2 x 2 matrix Gggz is given by

-1 _ [E — €4 = E.H_ 4 il ] [_E_}_ + ]
GBB - ( [_E_+ + iI'L.,_] [E —e_—3__+ lr!__]) . (36)

This yields
Ges= ) |f)(Gar)or{fs| 37
==+
where
1 ({E—e_—Z__+il__] (B —il.2)
Gpp =- . . .
B8 =4 ( [Z_y —i4] [E—ep — it +1044] ©8)
with

d= (E — €y ~ E++ -+ i]"++)(E —e.—Z__+ ir‘__) - (E.,.- - i[‘.;.._)(E-.F - iI"_+).
(3.9)
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For situations in which the coupling matrix W between the dot and leads is diagonal in
quasi-particle indices, we write

wt 0
W = ( 0 w-) (3.10)
and
_ (W })
|fv)—([fu—} (3.11)
where W~ = —(W¥)*. Furthermore for certain structures, such as those considered in
sections 5 and 6, [ £F) are related by
If3) = 5|9} (3.12)
In this case one obtains
oy = ) (U3 ulT, (3.13)
w =y (U%)ul0, (3.14)
[+4
and
= Z(“u)*“ﬁ 3 (3.15)
where
Te =) T(a) (3.16)
O =Y 0. @) (.17
Gyg = Za (e, 17B) (3.18)
with
M@, o) =— Z {be|Wli,a, 0, x}[Im ga(x, XN, a, &, x'|W ¢} (3.19)
glha)= Y (galW'li,a, & x)[Re ga(x, X1, @, &, 5| W igha) (3.20)
and
o' (e, mB) = Z{%[W‘”Iﬁ)gm(rﬁlwﬂ [7)3 (3:21)

These formulae are valid in the presence of an arbitrary nuinber of leads and illustrate the

dependence of transport properties on the coherence factors uf;.
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4. The Breit-Wigner formula for a N-SDOT-N structure

In this section we consider a superconducting dot with a uniform order parameter, connected
to two normal leads. The eigenstates of a superconducting dot satisfy

Hg|fu) = &l fu) (4.1)

where Hg is the Bogoliubov—de Gennes operator for the isolated dot. If |¢} is an eigenstate
of the normal dot satisfying Holg) = €2|¢), then for a dot with a uniform real order
parameter Ag, the solutions of equation (4.1) are of the form

€ =/ (€02 + 47 (4.2)

- ()= ()
=)= (58 “

1 el 1 €0
= J2 1 -2 T = N 4.4
o 2 ( + Gu) H 2 (I Gu) @5

Hence the notation of equations (3.12) to (3.21) can be used, and within a single-level
approximation, provided either { # j or o 5% 8, equations (3.4) and (3.13)-(3.15) yield

)

(4.3)

where

P (E, H) = 4l b PTG, )T G, B) (l(E —e) = S P +i Y T,

where Ty = o +0.. The remaining four coefficients are obtained via equation (A1), which
yields

PIT(E, H) = NI (E) - PTY(E, H) — PAH(E, H)— PRY(E, H)  (4.6)
PAY(E, H) = Nf(E) - PRT(E, H) - PSY(E. H)— P;T(E.H) (4T
P (E,H)= N (E)— P\ (E,H)— Py~ (E,H)~ P~ (E,H) (48)

Pp (E,H)= N, (E)— PH=(E,H) - PL(E,HY-PL(E,H). 49

These coefficients can be used to calculate the matrix elements a;; of equation (A6)
and hence the various response coefficients discussed in appendix A. As an example,
we now consider the change in conductance of the dot, due to the switching on of
superconductivity. This problem is motivated by recent studies [27-30], which show
that when superconductivity is induced in a rormal conductor, there are three scenarios
for the resulting change in conductance. If the normal-state conductance is high enough,
a theorem by Lambert and Hui [27, 28] states that the conductance must decrease and
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for weakly disordered sampies may either decrease or increase depending on the precise
impurity configuration. On the other hand for diffusive normal conductors, the conductance
typically increases. The third scenario arises in strongly disordered conductors, where it is
again found that the conductance may either increase or decrease, depending on the precise
realization of the impurity potential. It has been suggested [27] that this behaviour arises
through the presence of normal-state, resonant transport and therefore should be contained
in equation (4.5),

To investigate this possibility, we cons1der, for smlpllmty, the zero-energy limit,
where the particle-hole symmetry relation P 5(0, H) = P_“" (0, H) can be used to

simplify the above expressions. In this hm1t we write I, = I'(i,¢) = I'{{, —a) and
X =E_ =%, » 0. Then adopting the notation of equation (AIZ), one obtains
Al Rla= 1202
R, = lu, Pl T . (4.10)
| — € + Zed/e, +i(Ty + o)
Alpti2 —2]-|2
R, = iy Dty 1T - @.11)
] — €+ EEV/GV + l(rl + FZ)I
4wt |*T Ty
=T = L - 4.12
0T T e ¥ Telle, + (I + )2 “.12)
+i21—12
T, =T = Huy Uiy VT2 . (4.13)

“ =6+ Ze/e, + (T + )2
Substituting these coefficients into equation (A12) yields for the zero-voltage conductance

4t [P0y

e+ /e T U + THP (4.14)

If 3¢ is the level spacing of the normal-state dot, then equation (4.14) reveals that if
|Ag] = 8¢ 3 (I'1 + I'z) then the contribution to the conductance from a single level is of
order
2,
[ Bol?

G = <« 1. {4.15)
Similarly, the contribution from all levels is obtained by integrating over e, to yield
G = 2I'T2/(8¢| Agl). Hence for a large encugh value of Ag/T%, all resonances will be
suppressed. This result is not unexpected, since in this limit, all transmission coefficients
are small and the resistance reduces to the sum of two BTK boundary resistances. If the
normal-state system is on-resonance, then switching on superconductivity will decrease G.
This behaviour is typical of a N-S tunnel junction and can be quantified by introducing the
A susceptibility [27, 28] xa = limjs.0(8G/3|A|?), obtained by differentiating equation
(4.15):

= gim (28 28 _ Ly 3G
XA_IAI-rO de, J|AJ2 260 1450 3¢,

I 1 4{(eDH? — £
T €9y ((‘53 —ER (T + Ty)? + (€2 — B)2 4+ (I + ["2)2)2) - (416)
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This result demonstrates that although x is typically negative, anomalous positive values
can arise when £ > €2, Since €0 will be randomly spread between —8e/2 and Je/2 this
suggests that the probability, Py, of finding a positive x, is approximately I /d¢. For a
tight-binding model, in which the coupling matrix W of equation (3.10) is characterized by
a coupling constant v, one finds £ ~ N (0)v?, where N(0) is of order the density of states
per site in the normal leads and therefore we expect P, to be proportional to (N (0)v?/8¢).
Thus the sign of x, is indeed determined by the presence of normal-state resonances.

5. The Breit-Wigner formula for a structure composed of a normal lead, normal dot
and a superconducting lead

In this section, we consider a normal dot in contact with several normal leads and one or
more superconductors. At zero energy, if the isolated normal dot is on-resonance, then
particle-hole symmetry ensures that a degeneracy occurs. Hence in this example the two-
level formula (3.8) for Gzp must be employed.

There are two equivalent strategies for tackling this problem. On the one hand one could
identify the normal dot with sub-space B of section 2 and associate the superconducting
and normal leads with sub-space A. In this case, for energies less than the energy gap,
the superconducting contact contributes only to the self-energy o’. On the other hand, one
could identify the normal dot plus superconductor(s) with the sub-space B and the single
normal lead with sub-space A.

In what follows we adopt the former approach and for simplicity consider energies at
which there are no open channels in the superconductor(s). It can be shown that at the
end of a superconducting lead with a uniform order parameter A; = |Ay|e':, the causal
Green’s function can be written as

M
&% L,y 2, Y E) = ) Xa(3xa (V8] (w1, 51, 7, E)
n=1

where gi"’ (xr, xp, n, E) has the structure

gz“'—(xf.:x.{.!nv E) gz_(xL\ XL, 1, E) = An. Bneid'z
g r.xr.n E) gL (xp.x5,m, E) Bee o C, |-

For energies below the gap, A,, By, C, are real, while for energies above the gap they are
complex. Henee for energies below the gap, equation (3.8) takes the form

1 (E-e —Z__+il. o4
GBB - E ( O"__l_ E —€y — E++ +Ir+ (51)
where

d=(E—€;— Tpp +iTyNE —ec —B__ +il2) — o} _. (5.2)

In the presence of a single normal lead, we focus on the Andreev reflection coefficient
P,'[+(E , H), and since the coherence factors of equation (3.12) take the form »2 = §,,, the
electrical conductance (2.9) reduces to

8I,I'_|al_|2

G =2P H(E,H) = v

(5.3)
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First consider the zero-energy limit, where particle—hole symmetry implies that the two

levels closest to £ = O satisfy e. = —e; and therefore a vanishing particle level ¢ is
accompanied by a degeneracy. In this limit, £__ = -2, and '_ =T}, Hence
8Mici_a’,

(54)

G =
(64 + D+ T2 +of |92

which was obtained in [10] for resonant transport at zero energy. It is interesting to compare
the probability of finding a resonance in such a N-NDOT-S structure with the corresponding
probability (equation (1.1)) of the N-NDOT-N structure arising when the superconducting
order parameter is allowed to vanish. If |a_f__[2 = I"f_. then a resonance will occur when
€.+ X4 = 0. Since this involves only a single condition on the €., one expects resonances
to occur with approximately the same probability in the two structures.

However, at finite energies, equation (5.2) reveals that this result is drastically modified,
because a resonance can now occur only if both (E—e;.—X1; =0 and (E—e_—-2__ =10).
The probabiiity of simultaneously satisfying both of these conditions is small and therefore
we predict that the breaking of the particle-hole symmetry at E # 0 destroys finite-voltage
conductance resonances.

To quantify this behaviour, we now examine the denominator D = |d|* of equation
(5.3), which can be written as

D=WE ~MH}E = 1) +ilT4(E—e. —T__)+T_(E —€: — Zp)I

= ((E = A )E — A )P + (T + T_YE - 6)° (5.5)

where
(e++Zoq)+ (- + Z__)
Ar = 5
2
+ ‘/((E""  Za) ; e+ E“)) +ol ol +T. I

=24+ R (5.6)
and
g T e +B) (et ) =+ T NT-T) _ o

2 2(C- +Ty)
(5.7)

In the limit where the strength of the contact to the normal lead vanishes (i.e. when I', = 0),
As reduces to the eigenenergies of the isolated NDOT-S composite. This demonstrates that
when contact is made between the NDOT and the superconductor there is a splitting of the
energy levels of the normal dot due to the proximity of the superconducting lead, but no
broadening of the levels.

Writing n = E — B and p = (I"y. + [".)? yields

D=(n"~RH" + p(y- 8> (5.8)
If the energy E is varied, then the resonance condition becomes

ap
o = 49’ + 2p — 4RM —2p3 =0 (5.9
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which has one solution if (20 — 4R?) > 0, but the possibility of three solutions if
(2p — 4R?) < 0. To obtain three solutions, there must be two turning points, which
oceur at i = +,/{R2 — p/2)/3. Hence we predict that 2 double resonance can occur when

2 _ 3
I Z(R o/} and  20—4R% <O. (5.10)

V3

To illustrate the structure of these resonances, figure 2 shows plots of P t(E, H),
obtained from equation (5.3), for various values of coupling to the normal lead; figure 2(a)
has the strongest coupling and 2(d) the weakest. All quantities are plotted as functions of
quasi-particle energy E, which is a measure of the parameter 5. Hence as well as a drastic
reduction in the probability of finding finite-energy resonances, we predict that in the weak-
coupling limit, when a resonance does occur, the usual Lorentzian line-shape is replaced by
a double-peaked structure, with different peak heights determined by the difference between
'y and I'_ at finite energies.

() (b)

(c) (D

Figure 2, (a) to (d) show plots of equation (5.3) against

energy E, for decreasing values of the coupling to the normal
E E lead,

6. Analysis of resonant SEQUINs

When a composite N-SS' or N-NDOT-S§’ structure is formed from two or more
superconductors, with different order parameter phases, or from a single superconductor
with an imposed phase gradient [46], transport properties can be significantly modified if the
phase difference between two points is varied by 2z [15-22]. In experimental realizations
of such SEQUINs [23-26], the phase difference between two superconducting contacts is
modulated by connecting the superconductors to a macroscopic, external superconducting
loop, whose phase is controlled by an applied magnetic field. Sub-gap quasi-particles
can penetrate only a distance of order the superconducting coherence length into the
superconductor and therefore apart from controlling the phase, the macroscopic loop plays
no role in determining the s-matrix of the region near the contacts. Since the electrical
conductance is a periodic function of the phase difference n, with period 2, and since p
changes by 27 when the flux ¢ through the macroscopic control-loop changes by a flux
quantum Pp, 2 SEQUIN is a galvanometric detector of flux, with a sensitivity comparable
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with that of a SQUID. In this section we highlight generic properties of resonant SEQUINs
and predict that flux sensitivity is significantly enhanced by the presence of resonances.

The starting point for this analysis is a sub-space B containing one or more
superconductors, with eigenstates |f,) and eigenvalues <,, which are periodic functions
of some dimensionless parameter n, with period 27. Before attaching the normal lead, the
Green's function of such a structure is given by equation (2.15) and for a sub-gap energy
E, when contact is made with the normal lead, equations (3.4) and (A9) yield for the BTK
conductance

= Sru(n: 'i'")ru(??, ")
I(E — eu(n)) — Zouln) +ilu(m P

For a coupling matrix of the form (3.10) and eigenstates of the form (3.11), one obtains

G(n) (6.1

Qi =Y _ Ty, a) 62)

() = »_ ov(n, &) (6.3)
where

Tu(n o) = — Y (f2|WH1, e, e x)Im g, (x, X)L, @, 0, X'|IWIFY) (64)
and

@) = Y (7AW a0, ) [Regar, 2O, a0, X|W|fE).  (65)

a,x,x'

Consider now the situation in which, at n = o, the resonance condition E — ¥,(n0) = 0
is satisfied, where Z, (%) = €,() + Z,(n). Then expanding equation (6.1} about ng yields

= _ SFU (nﬂa +)Fu(770s _) .
[0 Zy(n0) /20l = nol? + T2 (no)

This demonstrates that with varying n, G exhibits a Lorentzian resonance of width

T, (110) /19, (0)/310)- _
For the case 1 = 2 ®/ Py, noting that 3, () can vary by at most an amount of order

Ag as n varies by 2w yields an upper bound for [3Z,(ne)/8n0] of order Ag/2m. Hence in
terms of the flux through the external control loop, the resonance width is greater than or
of the order of

G(n) (6.6)

8P = 2m Oy (1) / Ag. ©.7n

For simplicity in the above analysis, we have considered only a single resonance and a
normal lead with no closed channels; the latter merely shifts the position of the resonance,
while the former may lead to the appearance of several resonances per flux quantum. If the
temperature T is greater than I'y(59)/ ks, then the resonance width will be of order

P = 2qu)0k3T/.ﬂg. (68)

For a SEQUIN operating at I K, formed from a cuprate superconductor with a transition
temperature of 100 K, this yields §& ~ &4/20.



8772 N R Cleughton et al
7. Numerical results in two dimensions

In this section, we present the results of detailed numerical simulations of two-dimensional
tight-binding systems, described by a tight-binding Bogoliubov—de Gennes operator of the

form
vN_(Ho A ¥y ¥
n(3)=(8 &) (0)-2() o

where Hp is a nearest-neighbour Anderson Hamiltonian on a square lattice with off-diagonal
hopping elements of value —1, and A is a diagonal matrix. The scattering region is chosen
to be M sites wide and is connected to external leads of width M. Within a disordered
scattering region, diagonal elements {¢;} of Hy are chosen to be random numbers, uniformiy
distributed between e — W and ¢p + W. Within a superconducting region, those of A are
set equal to Ag. Within the normal leads, the diagonal elements of Hy are equal to a
constant €y, while those of A are set to zero. In what follows, for a given realization of
the Hamiltonian H, the scattering matrix is obtained numerically using a transfer matrix
technigue outlined in appendix 2 of [32].

O o
Oy mr

Figure 3. The tight-binding two-dimensional structure used for the N-SDOT-N calculations
of figures 4 to 7. The shaded regions denote large insulating reglons with diagonal elements
¢ = 100. The leads are coupled by a single hopping element of value —v to one site on the
surface of the dot. All other hopping elements are of value —1, The dot is disordered, with
disorder width 2W, and can be either superconducting or normal.

First we present resulis for the N-SDOT-N structure shown in figure 3, which we
compare with the analytic results of section 4. The shaded region in figure 3 denotes
a large insulating barrier, obtained by choosing a suitably large value for the diagonal
elements of Hp such that an unbroken barrier of this width would yield no quasi-particle
transmission. The system is M’ + 2Mp sites long and the leads are connected to the dot
by a one-dimensional channel of length Mz. A point contact between the channel and dot
is made via a hopping element —u.

For E = 0, figure 4 shows plots of the A susceptibility versus the disorder W, for four
coupling strengths v ranging from 1/100 to 1. For the structure used in these calculations,
€ =02, M =11, M =10, Mz = 5 and the barriers are identical, Within the barriers, the
diagonal element is set to 100. Figure 5 demonstrates that the number of positive values of
Xa increases as the strength v of the contact is increased. To quantify the rate of increase,
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Figure 4. (2)to (d) show plots of xa against disorder W  Figure 5. The upper panel shows a plot of the
for v = 0.0%, 0.1, 0.2 and ] respectively with M =11,  probability of finding a positive xa as a function of
M’ = 10 and Mp = 5. The vertical scale has been v. Superimposed on this is a graph of Peyr = Av?
chosen to show typical values of ya. A small number  (dashed curve) for a choice of the constant 4 which
of points, whose values are of order —108 to —10%, fall  yields a best fit. The solid line of the lower panel
outside the vertical range of the plots, shows a log-log plot of the numerical results of the

) upper panel, while the dashed line shows a plot of

IN{Pive) = (A} + 2 In{v).

the upper graph of figure 5 shows the probability P;,. of finding a positive xa, plotted
against v. Superimposed on this curve is a plot of the prediction based on equation (4.16);
Piye = A(v)? (dashed line), where A is a constant. The lower graph of figure 5 shows a plot
of In(Py,,) versus In(v), along with the straight (dashed) line In(P,,.) = In(A) + 2In(v),
confirming that P, is indeed parabolic for small v.

As well as the susceptibility xa, it is also of interest to examine the change in
conductance §G at finite A. Figure 6 shows results for the variation of §G with A,,
for various values of disorder ranging from W = I to W = 2. The model parameter
values for this system were g = 0.2, M = 11, M’ = 30, M3 = 5 and v = 0.1. Figure
6 demonstrates that for systems in which a large variation in the conductance occurs, the
change 3G is typically negative. For a dot with M = 11, M" = 10 and M = 5, figure 7
shows results for the change in conductance due to the switching on of an order parameter
of magnitude Ag = 0.01, plotted against disorder strength W, for four values of v ranging
from v = 0.0] to v = 1. Again for small couplings v, large negative changes occur when
the switching on of Ap moves the system away from a normal-state resonance. For larger
values of v, not described by the weak-coupling analysis of section 5, figure 7(d) shows
that large changes of arbitrary sign can occur.

We now present results for the N-NDOT-S structure shown in figure 8, which we
compare with the analytic predictions of section 5. In this figure, the dot is M sites wide
and M’ sites long. The connection to the left-hand lead is M, sites wide and via hopping
elements v;. The right-hand side of the dot is connected via hopping elements vz to
Mp sites of a superconducting region. Results for the N-NDOT-N system are obtained
by setting Ag = 0 in the superconducting region and evaluating the conductance using
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Figure 6. The change in conductance §G = G(Ap) —  Figure 7. (a) to (d) show the change 8G obtained by

G(0) against Ay for 500 realizations of disorder with  switching on an order parameter of magnitude Ag =

W varied from 1 to 2. 0.01, plotted against W for v = 0.01, 0.1, 0.2 and 1
respectively.
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Figure 8. The tight-binding two-dimensional structure used for the N-NDOT-S calculations of
figures 9 to 11. The region of length M{ denotes a superconducting region of length M sites
with on-site order parameter Ag, where Ap and Mg were chosen to give zero quasi-particle
transmission. The superconductor is coupled to Mz sites on the surface of the dot, by hopping
elements vp. The left-hand lead is attached to A} sites on the dot by hopping elements »y.
The dot is disordered, with disorder width 2W.

the formula G = To(E). For the N-NDOT-S system, Ay is set to a finite value and
the BTK conductance G = 2R, (E) of equation (A9) is evaluated. To ensure negligible
transmission through the superconductor, the length Mg of the superconductor is chosen
such that Mg >> &, where § = 1/Ag is the superconducting coherence length, Figures
9 and 10 illustrate the destruction of finite-energy resonances due to the switching on of
superconductivity in the right-hand lead. For Ay = 0, the upper curves in each figure show
resuits for the normal-state transmission coefficient Tp(E) as a function of the mean diagonal
element g9 of Hy. For Ag 3¢ 0, the lower curves in each figure show the corresponding
Andreev reflection coefficient R,(E). Figure 9 shows results for E = 0 and figure 10 for
E = 0.1. In each figure, €y varies over the complete tight-binding energy band, from —4
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to -+4. These resuits were obtained with model parameters M = 11, M’ = 20, M; = 10
and My = Mp = |, with v, = vp = 0.2 and W = L1.5. These results are typical of those
obtained for a variety of model parameters, provided the level broadening is smaller than
the level spacing of the dot. For the system in which Ag is finite, a value of Ag = 2 was
used. This value was chosen so that the relatively small dot used in the simulations would
possess many quasi-particle levels below the energy gap of the superconductor.

Ty T, ki’. 'ij
0] :([n: bl ] J‘

Luls 0 : I‘ ) {
4 -4 0 4

Figure 9. For a quasi-particle energy E = 0, the Fipure 10. As figure 9, except that the erergy now
top graph shows the transmission coefficient Tp when  takes the non-zero value E = (.1,

Ag = 0, as a function of the mean diagonal element

€p for the dot. The lower graph shows corresponding

results for Andreev reflection coefficient R,, when the

order parameter in the right-hand iead assumes a non-

zero value Ap = 2.

As predicted by the analysis of section 6, figure 9 demonstrates that at zero energy, the
probability of finding a resonance in the N-NDOT-S structure is slightly smaller than, but
of the same order of magnitude as the corresponding probability in the N-NDOT-S system.
In contrast at finite energies, figure 10 demonstrates that whereas normal-state transmission
resonances survive, resonances in the N-NDOT-S system are almost completely suppressed.
Furthermore when a finite-energy resonance in R, (E) does occur, the shape of the resonance
is no longer Lorentzian. Figures 11{(a) to 11{f) show numerical results for a typical resonance
belonging a disordered dot with W = 0.5, for different strengths of coupling to the normal
lead; figure 11({a) has the strongest coupling with v; = 0.7 and 11(f) the weakest coupling
with vz = 0.1. In each case the coupling to the superconductor was fixed at vy = 0.6.
These results mirror the analytic results of figure 2 and confirm that finite-energy resonances
in R, exhibit the expected double-peaked structure.

As a final example, we now show results for the resonant N-SS’ structure sketched
in figure 12, which comprises a thin superconductor S, separated from a second longer
superconductor S’ by a normal 2DEG N'. For convenience the superconductor S’ is chosen
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x % Figure 11. (2} to (f) show numerical results for the Andreev
reflection coefficient as a function of E for uy = 0.7, 0.6,
E 0.4, 0.3, 0.2 and 0.1 respectively.
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Figure 12. The tight-binding two-dimensional structure used for the N-SS° calculations of
figures 13 and 14, The chaded regions denote a swperconducting region S of length Ms
sites and another region S’ of length Mj sites each of which has on-site order parameter
magnitude Ag = 1. My is chosen to give zero quasi-particle transmission through the right-hand
superconductor. The left-hand lead is attached to S by hopping elements vy, = 0.3. All other
hopping elements are of magnitude wnity.

to be much longer than the superconducting coherence length, so that there is no sub-gap
quasi-particle transmission and therefore the sub-gap differential conductance, measured
batween the right-hand, external, normal lead and S’ is simply the BTK conductance 2R, (E).
In the limit where the lengths Mg, M tend to infinity, this structure possesses bound quasi-
particle states below the gap [47], which for finite Mg become transport resonances. In the
absence of disorder, there is translational invariance in the transverse direction and therefore
transport properties decouple into a superposition of separate resonances, associated with
individual open channels.

For a fixed phase of ¢ = 0, figure 13(a) shows a plot of R,(E) as a function of E/Ay
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Figure 13. For the structure in figure 12 this figure shows the Andreev reflection coefficient as
a function of energy E for a clean system {a) and a system with disorder W = 0.5 (b).

for a clean system with W =0, M = 11, Ms =2, M’ = 10 Mg = 20 and Ap = 1. To
obtain conductance resonances of finite amplitude, it is necessary that an approximate sum
rule is broken [46] and, therefore, to introduce some normal scattering, a value of v, = 0.3
was chosen for the coupling between the left-hand lead and S. Figure 13(b) shows the
corresponding plot for a weakly disordered system with disorder W = 0.5, corresponding
to an elastic mean free path of [, = 10.5. The analysis of section 6 predicts that the spectra of
figure 13 are oscillatory functions of ¢ and, therefore, for a fixed energy £, phase-periodic
resonances appear in the differential conductance. For a clean system, figures 14(a)-(c)
show the variation of R,(E) with the phase difference ¢, at energies of E = 0, Ag/20 and
Ap/10. Figures 14(d}f) show corresponding results in the presence of disorder W = 0.5.

It should be noted that a niive picture based on results for a clean structure can be
misleading. For example, calculations of bound states between two superconductors of
infinite extent [47] predict that at ¢» = 7 a state should pass through zero energy. However,
in the presence of normal scattering, which breaks translational symmetry in the longitudinal
direction, this feature is no longer present and, in contrast with the case of N-NDOT-S
structures of section 6, where the S is only weakly coupled to the NDOT, here zero-voltage
conductance resonances are absent.

8. Conclusions

We have presented a theoretical framework and general formulae for resonant transport
through three classes of hybrid normal-superconducting nanostructures. Results obtained
for N-SDOT-N structures demonstrate that if the normal structure is on-resonance at zero
energy, then switching on Ay will typically decrease the conductance of the system. On
the other hand, anomalous positive changes in the conductance can occur with a probability
proportional to £ /8¢ ~ N(0)v2/8e, where v is the coupling to the dot, 8¢ the level spacing
and N(0) is the density of states per site in the normal leads. For applied voltages greater
than A, the change in conductance depends on the choice of energy and the precise
realization of the impurity potential,

For N-NDOT-S structures, the zero-voltage results of [10] are reproduced. More
generally we predict that finite-voltage resonances are almost completely suppressed by
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Figure 14, For a clean system (a)}<{c) show the variation of R,(E) with the phase difference

¢, at encrgies of £ = 0, Ap/20 and Ag/10; (d)-(f) show corresponding results in the presence
of disorder W = 0.5.

the switching on of superconductivity and those that survive can have a double-peaked
line-shape. This situation can arise af voltages much smaller than the superconducting
energy gap, because for a chaotic dot, differential transport at a voltage of the order of
the level spacing is sufficient to break particle-hole symmetry. In the analysis of [11],
a model containing only a single resonant level was analysed and therefore this feature
is absent. Such non-Lorentzian resonances have been discussed in other contexts [48] and
may generate non-exponential delay-time curves. This destruction of resonances implies that
the typical conductance is large at zero voltage and decreases with increasing bias. This is
reminiscent of zero-bias anomalies observed in the sub-gap conductance of superconducting-
semiconducting junctions [49, 50], although the theory of such structures [S1-54] is rather
different from that of section 5.

In section 6 we predicted that a resocnant SEQUIN can possess Lorentzian resonances
on a scale much smaller than a flux quantum, which suggests that these may provide a new
class of magnetometers with a sensitivity at least matching that of present-day SQUIDs.
Finally, in section 7, we presented numerical results confirming the above predictions.
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Appendix A. Current—voltage relations at finite voltages

In the presence of Andreev scattering, current-voltage relations for a phase-coherent
scatterer connected only to normal reservoirs were written down in [31]. Although
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these have been extended and re-derived in several papers [32, 33, 38], there exists no
comprehensive discussion of multi-channel, finite-voltage differential conductances. Since
such measurements play a central role in studies of resonant structures, we begin with a
brief discussion of finite-voltage transport. We also take this opportunity to demonstrate
that the finite-temperature analysis of [31, 32] can be applied when superconducting leads
with open channels are present.

In the absence of inelastic scattering, dc transport is determined by the quantum
mechanical scattering matrix s(E, H), which yields scattering properties at energy E of
a phase-coherent structure described by a Hamiltonian H. If the structure is connected to
external reservoirs by open scattering channels labelled by quantum numbers n, then this
has matrix elements of the form s, (E, H). The squared modulus of s, .(E, H) is the
outgoing flux of quasi-particles along channel s, arising from a unit incident flux along
channel #’. In what follows, we consider channels belonging to current-carrying leads, with
quasi-particies labelled by a discrete quantum number & (& = 41 for particles, —1 for
holes) and therefore write » = (I, &v), where / labels all other quantum numbers assoc1ated
with the leads. With this notation, the scattering matrix elements s, »(E, H) = S, i (E H)
satisfy st(E, H) = s~ W(E, H), s"(E, H) = s(E, H*) and if E is measured relative to the
condensate chemical potential 4 = ev, s, ,:6 (E, Hy = oflls, I'," -f ( —E, H))*. For a scatterer
connected to external reservoirs by L crystalline, normal leads, labelledi = 1,2, ..., L, itis
convenient to write [ = (i, a), I’ = (j, b), where a (&) is a channel belonging to lead i ().
In addition to those channels belonging to normal leads, there may exist open channels
belonging to superconducting leads. To avoid time-dependent order parameter phases
varying at the Josephson frequency, which would render a time-independent scattering
approach invalid, we insist that all superconductors share a common condensate chemical
potential p. For this reason, it is convenient to attach a common label [ = (0, a) to any
open channels belonging to the superconductors. In what follows, we focus attention on
the quantity

PMY(E, H) = ij s, oy (s HDI?
a,

which is the probability of refiection (i = j) or ransmission {i # _]) of a quasi-particle of
type 8 in lead j to a quasi-particle of type « in lead i. Foro # 8, P, (E H) is referred to
as an Andreev scattering probability, while for ¢ = 8, itis a normal scattering probability.

Since unitarity yields

o.p 2 _ af 2 _
D lsh Gn (B EDP =Y Isio (B )P =1

8bj aaj

where { and j sum only over leads containing open channels of energy E, this satisfies

L L
3" PYH(E, H) = NH(E) > P2k, H) = NP(E) (A1)
Bj=0 ai=0

where N7 (E) is the number of open channels for ¢-type quasi-particles of energy E in lead
i satisfying N; +(E) N (—E). For convenience, if a lead i contains no open channels of
energy E, we have defined P, "ﬂ (E,H) = P“ £ (E, H) = 0 and in equation {Al) summed
over all i and j.

In the absence of open channels in the superconductor, current-voltage relations at finite
voltages and temperatures were derived in {31, 32]. For a system connected by normal leads
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to external reservoirs at potentials v;, § = 1,2, ..., L, the current [; flowing in a2 normal
lead i is

L
L=3%A;  (@=12..,1L) (A2)
=0

where

Aijui = Qe/B)Y (~a) j; dE PRAE, B fH(E)
af

A= Qe/h)) (@) [ fo dE [N}”(E)f,-"‘(E) -y PE, H)J’,-’B(E)H
@ 8

and fi'(E) = {expl(E — alev; — u))/ksT] + 1)~ is the distribution of incoming a-type
quasi-particles from lead j.

Once the currents in the normal leads are known, the current J; flowing into the
superconductor(s) is given by Iy + ZLi I; = 0, which allows us to aveid explicitly
computing currents in the superconducting regions. For i # 0, the term Ao, which describes
the scattering of quasi-particles originating from the superconductor, takes the form

Aio= e/t Y (-0) [ 4B P (B, EDA(E)
uff
where fo(E) = {explE/k,T] 4+ 1}7'. In view of equation (A1), this can be written as
o L
Ao = (2¢/1) ) (~a0) fﬂ dE {N;‘(E) -2 2 PPE, H)] FolE).
o B i=1

Hence equation (A2) becomes

L
=Y Ay (A3)
j=1
where
Aigpt = Qe/h) ) (—0) fo dE P{P(E, H){f{(E) - fo(E)) (Ada)
af
and

Aii = Qe/1) ) (@) fﬁ dE {NFENSHE) - AEN =Y PPE, B (B) - fuEN).
o B
(A4b)

In the zero-temperature limit, these reduce to

(ev,~p)
A= e/w) [ GE 1B H) - PJHE. H] (ASa)
0
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(evi—p)
Ay = (2e/h) f dE [N} (B) + P7H(E. H)~ PFH(E, H)l  (ASD)
o

Equations (A4} and (AS5) express the coefficients A;; in terms of scatiering matrix
elements between normal leads only. Identical equations are derived in the work of [31,
32], which differs from the present analysis by omitting the terms { = 0, j = 0 in equations
(Al). For a system connected to normal leads only, these terms are absent. They can also
be omitted in the presence of superconducting leads, provided both |ev; — u| < Ap and
kpT < Ap, because for energies less than the superconducting energy gap Ao, there are no
open channels in the superconductors.

Equation (A3) vields the current-voltage characteristics of a given structure at finite
voltages, provided all scattering coefficients are computed in the presence of a self-
consistently determined order parameter. Such calculations have been carried out recently
for one-dimensional structures [39, 40] and demonstrate that, provided the currents are low
enough, the matrix @;; can remain unchanged, even on the application of finite voltages of
order Ag. In this limit, the differential of equation (A3} takes the form

L
8l = Za,-j(évj —8v) (A6)
Jj=1

which yields the change in current §/; due to a change 8E;, where E; = eu; — p. At finite
temperature,

© o a aff (E)
a:.;¢:=(2e"-/h)§(—a) fo dE P,-jﬁ(E,H)[*B oF ] (A7a)
and
(262 ® acm | AEE)] A (E)
ay = (2e /h)za:(oz)fo dE [N,. (E)[ T } Zﬁ:P,.,. (E, H) [—-,BT :
(A7h)

At zero temperature, after taking advantage of particle-hole symmetry, these reduce to (in
units of 2e%/ k)

@i jpi = P Y(E;, HY — P (B, H) (A7¢)
and
ay = N (E;) + P7H(E;, H) — P (E;, H). (A7d)

In the limit {£;} = 0, combining these expressions with the s-matrix symmetries stated at
the beginning of this section, yields the reciprocity relation a;;(H) = a;(H*) [41].

Starting from the above results, expressions for a variety of transport coefficients can be
derived. For example in the presence of one normal lead, where the matrix A reduces to a
single number, one finds I; = Ay;, and from equation (A6), for the differential conductance
G(£1) = dI, /d(x) — v) = ay;- This equation, which at zero temperature reduces to

G(Ey) =ay = N (E)) + PH(E\, H) — PYY(E,, H) (A8)
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was first derived by Blonder, Tinkham and Klapwijk (BTK) [14] in the presence of a
single, well-defined boundary between the normal scatterer and superconductor. More
generally, the above discussion shows that equation (AS8) is valid even if there exist
many distinct superconducting regions, provided all superconductors possess a common
condensate potential. Thus equation (A8) is more than a simple boundary conductance
formula and applies to any phase-coherent system connected to a single normal reservoir.

If the superconductor contains no open channels at energy Ey, then equation (A1) yields
N} (Ey) = P[T(E;, H) + P}*(Ey, H) and therefore

G(E\) = 2P *(E), H). (A9)

In the presence of two normal leads, equation (A6) yields

dvy — v _ l an ~d12 &1
(51)2—5”) T d (—azl an Lyes (A10)
where d = ajjas; — ayzaz. If the superconductor carries no current, then in contrast with

a BTK conductance measurement, in which the condensate potential u is fixed by the
superconducting contact, ¢ must now be determined via the condition

an\ _ [ 81
8/~ \ =81}
Hence the two-probe conductance G = 81 /(8v) — §vs) takes the form

d

G= .
ayy + axn +ajp +az

{Al1)

The right-hand side of this expression can be evaluated once the energies £, and E; are
known. In the zero-voltage limit E; = E; = (, where all quantities are evaluated at zero
energy, equation (All) can be written [18, 31, 32} as

2(R.R, — T.T))
Ry + R, +T,+ T,

G=T+T + (A12)

where Ry = Pit(0,H), Ty = P{*(0,H) (R, = P7H(0, H), T, = P;*(0, H)) are
probabilities for normal (Andreev) reflection and transmission for quasi-particles from
reservoir 1, while Ry, T; (R;, T,) are corresponding probabilities for quasi-particles from
reservoir 2. In the presence of N = Ni'(0) = N (0) open channels per lead, equations
(Alyyield R+ To+ R+ Lo = Ry + T+ R+ T =N ad T+ T, =T, + T;.

If the superconductor is able to camry a steady-state current (i.e. if part of the
superconductor forms an external lead), then an alternative transport measurement is
obtained by setting the current in one of the normal leads to zero. If this lead is
labelled j and the other normal lead labelled i then, since 81, = 0, equation (A10) yields
§I; = G;(8v; —6v), where

Gi =d/aﬁ. (A14)

Furthermore, 8v; — dv = G, (3y; ~ 8v), where

- —tlir
G = —L&. Al5)
ajj ¢
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Since a;; can have arbitrary sign, the sign of dv; — dv relative to dv; ~ 8v is not fixed.
At finite voltages, the energies E; to be used in evaluating the coefficients of (All) are
determined by the requirement J;, = I, which yields

AntAn+An+ Ay =0 (Al16)

Similarly the energies to be used in (Al4) and (AlS) are determined by the requirement
I; =0, which yields

Aj + A = 0. A17)

These self-consistency conditions involve integrals over all incident quasi-particle energies
and require a knowledge of the s-matrix over a range of E. For certain simple structures,
may be determined by symmetry arguments. Otherwise the task of solving these equations
is non-trivial.

In practice, if the potential differences §E;/e can be measured experimentally, the
problem of solving these integral equations can be avoided. This will be the case in
experiments where the normal reservoir potentials are measured relative to the condensate
potential and therefore at least one superconducting lead is present. In such an experiment,
the individual coefficients a;; = ¢ 8/;/3E; are measurable and the finite-energy analysis is
considerably simplified.
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