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Abstract
We review the tight-binding model of bilayer graphene which describes four low-energy
electronic bands near the corner of the first Brillouin zone. The model takes into account terms
arising from nearest and next-nearest neighbour hopping within each layer, non-orthogonality
of atomic orbitals, various inter-layer couplings, as well as three independent parameters that
describe differences between the on-site energies of the four atoms in the unit cell. We
generalize the derivation of the two-component effective Hamiltonian that describes the
behaviour of chiral quasiparticles at very low energy, taking these terms into account. Then,
we explain how the various terms produce features in the electronic band structure, focussing
on electron–hole asymmetry and the opening of an energy gap between the conduction and
valence bands.

1. Introduction

The isolation of individual graphene flakes a few years ago
[1] led to the realization that electrons in graphene are
chiral, displaying properties analogous to relativistic fermions
including a linear dispersion relation, unusual sequencing of
integer quantum Hall effect plateaus [2–4], suppression of
backscattering [5, 6] and anisotropic scattering at interfaces
[7, 8]. In monolayer graphene, the honeycomb lattice is
composed of two triangular sublattices, and wavefunction
amplitudes on the sublattices can be written as a pseudospin,
analogous to the two components of a spin-1/2 elementary
particle. The pseudospin lies in the plane of the graphene
layer, and the property of chirality means that its orientation is
fixed to be in the same direction as the electron’s momentum.

The behaviour of low-energy electrons in bilayer graphene
[9, 10] is, perhaps, even more striking than that in monolayers.
There is also a pseudospin degree of freedom; in bilayers it
is associated with wavefunction amplitudes on the two layers,
and electrons are chiral: the pseudospin lies in the plane of the
layers and turns twice as quickly as the direction of momentum
[11]. From a technological point of view, bilayer graphene
holds huge potential because it is a semiconductor with a
gate-tuneable band gap between its conduction and valence
bands [11–20] as observed in photoemission [10] and transport
[21, 22] experiments. Recently, there have been a number

of spectroscopic measurements including angle-resolved
photoelectron spectroscopy [10, 23], Raman spectroscopy
[24–26], cyclotron mass [21], cyclotron resonance [27] and
infrared spectroscopy [28–30], determining the electronic
band structure of bilayer graphene including observations of
electron–hole asymmetry.

The first half of this paper begins, in section 2, with a
review of the tight-binding model of bilayer graphene and its
use in describing four low-energy electronic bands near the
corner of the first Brillouin zone. We take into account a
number of terms arising from various inter-atomic couplings
as well as three independent parameters U, �, �AB that
describe differences between the on-site energies of the four
atoms in the unit cell. Then, in section 3, we include these
terms when generalizing the derivation of a two-component
effective Hamiltonian [11] that describes the behaviour of
chiral quasiparticles at very low energy. This review allows us,
in the second half of the paper, to compare how various terms
in the model produce features in the low-energy electronic
band structure. As described in section 4, two of the on-site
asymmetry parameters, U,�AB , contribute to the opening of
an energy gap, with and without a distinctive ‘Mexican hat’
structure in the low-energy bands, respectively. The third
on-site asymmetry parameter, �, contributes to electron–hole
asymmetry, as do a number of inter-atomic coupling terms,
and, as explained in section 5, this illustrates that different
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Figure 1. (a) Schematic of the bilayer lattice containing four sites in
the unit cell: A1 (white circles) and B1 (black) in the bottom layer,
and A2 (white) and B2 (black) in the top layer. (b) Schematic of the
hexagonal Brillouin zone with two inequivalent valleys K±. (c)
Low-energy bands in the vicinity of valley K+ in the absence of
lattice asymmetry (where q is the wave vector measured from the
centre of the valley). We use parameter values γ0 = 3.0 eV,
γ1 = 0.35 eV, γ3 = 0.15 eV, γ4 = γn = 0 eV, s0 = s1 = 0,
�AB = � = U = 0.

microscopic mechanisms may produce the same or similar
features, impairing the ability to differentiate between such
mechanisms experimentally.

2. The tight-binding model of bilayer graphene

Bilayer graphene [9–11] is composed of two coupled
honeycomb lattices of carbon atoms, with inequivalent sites
A1, B1 and A2, B2 in them. The two layers are arranged
according to Bernal (A2–B1) stacking [11] as shown in
figure 1(a). It means that half of the sites, A2 and B1,
lie directly above or below a counterpart in the other layer,
and they are connected to it by a relatively strong inter-layer
coupling γ1. In order to model the electronic band structure
of bilayer graphene, we generalize a standard method [31,
32] to obtain a tight-binding Hamiltonian Ĥ and an overlap-
integral matrix Ŝ (that takes into account non-orthogonality
of orbitals on adjacent atomic sites), Ĥ� = εqŜ�. In the
space of coefficients �T = (ψA1, ψB2, ψA2, ψB1) this yields
[11, 12, 33–35]

Ĥ =

⎛
⎜⎝

εA1 − γn|f (k)|2 γ3f
∗(k) γ4f (k) −γ0f (k)

γ3f (k) εB2 − γn|f (k)|2 −γ0f
∗(k) γ4f

∗(k)

γ4f
∗(k) −γ0f (k) εA2 − γn|f (k)|2 γ1

−γ0f
∗(k) γ4f (k) γ1 εB1 − γn|f (k)|2

⎞
⎟⎠ ,

Ŝ =

⎛
⎜⎜⎜⎝

1 0 0 s0f (k)

0 1 s0f
∗(k) 0

0 s0f (k) 1 s1

s0f
∗(k) 0 s1 1

⎞
⎟⎟⎟⎠ , (1)

f (k) = eikya/
√

3 + 2e−ikya/2
√

3 cos(kxa/2). (2)

In order to parametrize tight-binding couplings relevant to
bilayer graphene,1 we have adapted the notation of the

1 The tight-binding parameters are defined as γ0 = −〈�A1|H |�B1〉 =
−〈�A2|H |�B2〉 where �A1 is an atomic orbital located on site A1, γ1 =
+〈�A2|H |�B1〉, γ3 = +〈�A1|H |�B2〉, and γ4 = +〈�A1|H |�A2〉 =
+〈�B1|H |�B2〉.

Slonczewski–Weiss–McClure model [36–38] that is often
employed to describe bulk graphite. The Hamiltonian equation
(1) includes many terms but, roughly speaking, parameters γ0

and γ1 determine the most important features of the band
structure. The parameter γ0 describes the strength of nearest-
neighbour hopping within each honeycomb layer, yielding the
in-plane velocity v = (

√
3/2)aγ0/h̄ (see footnote 1), where

a is the lattice constant and parameter γ1 describes inter-layer
A2–B1 coupling. There is a degeneracy point at each of two
inequivalent corners K± = ±(4π/3a, 0) of the hexagonal
first Brillouin zone, also referred to as valleys, figure 1(b).
Near the centre of each valley, there are four electronic bands,
figure 1(c), two in the conduction band and two in the valence
band. Of them, two bands, related to electronic orbitals on
A2 and B1 sublattices, are split away from zero energy by
about ±|γ1|. Henceforth, they shall be referred to as split
bands. The other two bands, formed by orbitals based upon
sublattices A1 and B2, approach each other near zero energy
with an approximately parabolic dispersion ε ≈ ±h̄2q2/2m

(where h̄q is the magnitude of the momentum measured from
the centre of the valley and the effective mass is m = γ1/2v2)
and we shall refer to them as degenerate bands. In our plot
of the band structure, figure 1(c), we use parameter values
γ0 = 3.0 eV and γ1 = 0.35 eV. A lattice constant value of
a = 2.46 Å yields in-plane velocity v = 9.71×105 m s−1 and
effective mass m = 0.033me.

The angular dependence of f (k) is called trigonal warping
because it leads to a deformation of the form of the Fermi line
around the centre of each valley. This deformation increases
with an increase of the absolute value of the wave vector. In
bilayer graphene, a second cause of trigonal warping is the
parameter γ3 describing direct A1–B2 inter-layer coupling,
leading to an effective velocity v3 = −(

√
3/2)aγ3/h̄ [39].

Trigonal warping due to γ3 becomes particularly relevant at
very low energy (of the order of 1 meV) where it leads to a
Lifshitz transition: the isoenergetic line about each valley is
broken into four pockets [11, 16, 40, 41].

The parameter γ4 describes A1–A2 and B1–B2 inter-
layer hopping. As described in more detail in the following
subsection, it causes asymmetry between the conduction
and valence band. A second possible cause of electron–
hole asymmetry is non-orthogonality of atomic orbitals as
described by the overlap-integral matrix Ŝ [31]. In particular,
we take into account the parameter s0 � 1 describing non-
orthogonality of orbitals on the same layer and s1 � 1
describing non-orthogonality arising from overlaps between
orbitals on different layers. In addition, we include next-
nearest neighbour hopping within each layer [42, 43], with
strength γn, as described by the terms −γn |f (k)|2 appearing
on the diagonal.2 Other weaker tunnelling processes are
neglected.

There are four atomic sites in the unit cell and, in principle,
they may be held at different energies εA1, εB1, εA2 and
εB2. Three parameters are needed to account for differences
between them. In defining them, note that some authors

2 Throughout this paper, we neglect a factor of 3γn on the diagonal of the
Hamiltonian, arising from next-nearest hopping within each layer, because it
only produces a trivial shift of the charge-neutrality point.
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[12, 28, 29, 35] employ different definitions of A and B
sites. The definitions used here are shown in figure 1(a),
whereby A2 sites lie directly above B1 sites. Then, the
three independent parameters we use are �AB = [(εA1 +
εA2) − (εB1 + εB2)]/2 to describe the difference between
on-site energies of A and B sublattice sites on each layer,
� = [(εA1 + εB2) − (εB1 + εA2)]/2 for an energy difference
between dimer and non-dimer sites [28, 29, 32, 35] and
U = [(εA1 + εB1) − (εA2 + εB2)]/2 for inter-layer asymmetry
between the two layers arising from the influence of external
gates or a doping effect [10–22]:

εA1 = U

2
+

�

2
+

�AB

2
,

εB1 = U

2
− �

2
− �AB

2
,

εA2 = −U

2
− �

2
+

�AB

2
,

εB2 = −U

2
+

�

2
− �AB

2
. (3)

The three asymmetry parameters U, �, �AB are enough to
describe on-site energy differences between the four atoms,
but their choice is not unique. For example, the presence of
a substrate may lead to a difference between on-site energies
of adjacent atoms in the bottom layer εA1 − εB1 ≡ � + �AB

[34], leading to both electron–hole asymmetry (arising from
�) and an energy gap (from �AB).

3. The effective low-energy Hamiltonian

There are two independent valleys denoted by Kξ , where
ξ = ±1 is a valley index, with wave vector Kξ = ξ(4π/3a, 0)

corresponding to the corner of the first Brillouin zone,
figure 1(b). In their vicinity, two energy bands, related to
electronic orbitals on A2 and B1 sublattices, are split away
from zero energy by about ±|γ1|. The other two bands,
formed by orbitals based upon sublattices A1 and B2, approach
each other near zero energy with an approximately parabolic
dispersion. Often, it is convenient to use a two-component
Hamiltonian describing electrons in these degenerate bands.
It was derived in [11] using Green’s functions. Alternatively
(and equivalently), it is possible to view the eigenvalue
equation of the four-component Hamiltonian equation (1)
as producing four simultaneous equations for components
ψA1, ψB2, ψA2, ψB1. Then, the two-component Hamiltonian
can be obtained by eliminating the dimer state components
ψA2, ψB1 by substitution and treating γ1 as a large energy.

For simplicity, it is common to express the wave vector
k = Kξ + q in terms of the wave vector q measured from
the centre of the valley Kξ , and to expand the function f (k),
equation (2), in terms of q = (qx, qy) for electronic energies
much less than the π -band width (qa � 1):

f (k) ≈ −
√

3a

2
(ξqx − iqy) +

a2

8
(ξqx + iqy)

2. (4)

Note that a represents the lattice constant, not the atomic
separation (the latter is equal to a/

√
3). Here, we generalize

this procedure [11] to include the parameters contained in the

four-component Hamiltonian equation (1) to obtain the two-
component Hamiltonian describing effective hopping between
the A1–B2 sites.

Ĥ2 = ĥ0 + ĥw + ĥ4 + ĥn + ĥU + ĥ� + ĥAB,

ĥ0 = − 1

2m

(
0 (π †)2

π2 0

)
,

ĥw = v3

(
0 π

π † 0

)
+

v2
3

6γ3

(
0 (π †)2

π2 0

)
,

ĥ4 = 2γ4h̄
2v2q2

γ0γ1

(
1 0
0 1

)
,

ĥn = −γnh̄
2v2q2

γ 2
0

(
1 0
0 1

)
, (5)

ĥU = U

(
1

2
− h̄2v2q2

γ 2
1

) (
1 0
0 −1

)
,

ĥ� = �

(
1

2
− h̄2v2q2

γ 2
1

) (
1 0
0 1

)
,

ĥAB = �AB

2

(
1 0
0 −1

)
where the complex momentum operator is π = ξh̄qx +
ih̄qy . The effective Hamiltonian Ĥ2 determines
components (ψA1, ψB2) and it is applicable when the
intra-layer hopping γ0 and the inter-layer coupling γ1

dominate: |ε|, h̄vq, |γ3|, |γ4|, |γn|, |U |, |�|, |�AB | � γ0, γ1.
We kept only linear terms in the small parameters
|γ3|, |γ4|, |γn|, |U |, |�|, |�AB | and quadratic in momentum.
Terms containing s0 and s1 have been neglected since we
assume that |s0|, |s1| � 1.

The first term, ĥ0, takes into account A1B2 hopping
via the A2B1 dimer state with effective mass m = γ1/2v2

reflecting the energetic cost γ1 of a transition via the dimer
state. This term in Ĥ2 yields a parabolic spectrum ε =
±h̄2q2/2m and quasiparticles described by it are chiral, with
a degree of chirality related to Berry phase 2π [11]. The
second term ĥw in the Hamiltonian equation (5) describes
weak direct A1B2 coupling, leading to the effective velocity
v3 = −(

√
3/2)aγ3/h̄, where v3 � v. In a similar way to

bulk graphite [32], the effect of coupling γ3 is to produce
trigonal warping, which becomes particularly relevant at very
low energy (of the order of 1 meV) where it leads to a Lifshitz
transition [11, 16, 40, 41].

The terms ĥ4, ĥn and ĥ� in equation (5) are proportional
to the unit matrix in the lattice subspace of (ψA1, ψB2) and,
as described in section 5, they contribute to electron–hole
asymmetry in the band structure (see footnote 2). By way
of contrast, terms ĥU and ĥAB are proportional to σz and
thus break the symmetry of the lattice subspace leading to
the opening of a gap in the low-energy spectrum.

4. Comparison of gap opening due to inter- and
intra-layer asymmetry

As described in section 2, we use three parameters U, �

and �AB to take into account differences between the on-site

3
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Figure 2. The band structure of bilayer graphene in the vicinity of
valley K+ for no lattice asymmetry (left), finite AB lattice
asymmetry �AB (centre) or finite inter-layer asymmetry U (right).
For clarity, we use large values of asymmetry. Other parameter
values are γ0 = 3.0 eV, γ1 = 0.35 eV, γ3 = 0.15 eV, γ4 = γn =
0 eV and s0 = s1 = 0.

energies of the four sites in the unit cell of bilayer graphene.
The parameter � does not open a gap, but contributes to
electron–hole asymmetry as discussed in section 5, whereas
U and �AB both contribute to the opening of a gap between
the conduction and valence bands. Figure 2 shows the band
structure for no lattice asymmetry (left), finite �AB (centre)
and finite U (right).

The parameter U = [(εA1 + εB1) − (εA2 + εB2)]/2 models
inter-layer asymmetry between the two layers arising from
external gates or a doping effect [10–22]. The four-component
Hamiltonian equation (1), simplified by setting �AB = � =
γ3 = γ4 = γn = s0 = s1 = 0, yields four valley-degenerate

Figure 3. Top row: the band structure of bilayer graphene in the vicinity of valley K+ comparing different parameters that contribute to
electron–hole asymmetry. From left to right, γ4 = 0.2 eV, � = 0.2 eV, s0 = 0.2 and γn = 0.2 eV. These values are taken for illustrative
purposes. Other parameter values are γ0 = 3.0 eV, γ1 = 0.35 eV, γ3 = 0.15 eV and s1 = 0. Bottom row: asymmetry |εc| − |εv| between the
energies εc and εv of the degenerate conduction and valence bands (solid) or the split bands (dashed) for the same parameters as in the top
row, with energies measured with respect to the touching point of the degenerate bands at the centre of the valley. In the plot on the bottom
right, for γn = 0.2 eV, solid and dashed lines lie on top of each other.

energy bands εα ,

ε2
α = γ 2

1

2
+

U 2

4
+ γ 2

0 |f (k)|2

+ (−1)α

√
γ 4

1

4
+ γ 2

0 |f (k)|2 (
γ 2

1 + U 2
)
,

where the parameter α = 2 for the split bands and α = 1
for the degenerate bands [11]. For small wave vector q in the
vicinity of a valley, we may approximate γ 2

0 |f (k)|2 ≈ h̄2v2q2,
equation (4). The appearance of U in the square root leads to a
distinctive ‘Mexican hat’ structure [11, 12] of the degenerate
bands (α = 1) as shown in figure 2 (right). The parameter U
should be tuneable in bilayer graphene, and its dependence on
externally applied gate voltage has been calculated taking into
account screening effects in both bilayer [13–15, 20, 21] and
multilayer graphene [44–46].

The parameter �AB = [(εA1 + εA2) − (εB1 + εB2)]/2
is used to describe intra-layer asymmetry, i.e. a difference
between on-site energies of A and B sublattice sites on each
layer. In this case, the four-component Hamiltonian equation
(1), simplified by setting U = � = γ3 = γ4 = γn = s0 =
s1 = 0 gives

ε2
α = �2

AB

4
+

γ 2
1

4

⎡
⎣

√
1 +

4γ 2
0 |f (k)|2

γ 2
1

+ (−1)α

⎤
⎦

2

.

The effect of �AB on the band structure is to open a gap by
a more or less trivial shift of the energy as shown in figure 2
(centre). Unlike parameter U, it does not lead to a Mexican
hat structure and so, in principle, it should be possible to
differentiate the presence of finite U from that of finite �AB .
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5. Electron–hole asymmetry in the band structure

In this section, we will compare four possible causes of
electron–hole asymmetry that appear in Hamiltonian equation
(1), namely, the inter-layer coupling parameter γ4, parameter
� = [(εA1 + εB2) − (εB1 + εA2)]/2 that takes into account a
possible energy difference between dimer and non-dimer sites
[28, 29, 32, 35], parameter s0 describing non-orthogonality
of adjacent atomic orbitals on each layer [31] and next-
nearest neighbour hopping γn within each layer [42, 43].
The electronic band structure calculated without taking these
parameters into account is shown in figure 1(c). Taking each of
the four parameters into account in turn, while neglecting the
other three, results in the band structures plotted in the top row
of figure 3. In order to illustrate the nature of electron–hole
asymmetry, the bottom row of figure 3 shows the asymmetry
between the conduction and valence bands |εc| − |εv| of
the degenerate bands (solid) and the split bands (dashed).
The asymmetry is calculated by treating the touching point
of the degenerate bands (at the centre of the valley, q = 0)
as the zero of energy. Thus, by definition, each solid curve
displays zero asymmetry at qx = 0.

The bottom row of figure 3 shows that parameters γ4,
�, s0 and γn all contribute to electron–hole asymmetry (in
figure 3, arbitrary values of these parameters are used for
illustrative purposes). As pointed out in [29], it is possible
to distinguish the influence of γ4 and � by comparing the
asymmetry between the degenerate bands (solid lines) with
the asymmetry between the split bands (dashed). Specifically,
� produces a non-zero value of the asymmetry between the
split bands (dashed) even at the centre of the valley. For γ4,
the sign of the asymmetry between the degenerate bands (solid
lines) and that between the split bands (dashed) is different, but
in both cases the asymmetry has an almost linear dependence
on momentum. The plots in figure 3 for finite s0 and γn

suggest that it should be difficult to differentiate between
asymmetry caused by non-orthogonality of orbitals and next-
nearest neighbour hopping.

6. Conclusions

The first half of this paper reviewed the use of the tight-
binding model to describe four low-energy electronic bands
near the corner of the first Brillouin zone of bilayer graphene.
The model takes into account terms arising from nearest-
and next-nearest neighbour hopping within each layer, non-
orthogonality of atomic orbitals, various inter-layer couplings,
as well as three independent parameters U, �, �AB that
describe differences between the on-site energies of the four
atoms in the unit cell. In the second half of the paper, we
demonstrated that there are a number of different microscopic
mechanisms that may contribute, at least in principle, to
electron–hole asymmetry in the low-energy band structure of
bilayer graphene. Examples include inter-layer coupling γ4,
an energy difference � between dimer and non-dimer sites in
the unit cell [28, 29, 32, 35], next-nearest neighbour hopping
within each graphene layer [42, 43] and non-orthogonality
between atomic orbitals [31]. With care, it may be possible to

differentiate between some of them experimentally. Likewise,
there are two independent parameters describing energy
differences between sites in the unit cell that contribute to
the opening of a gap between the conduction and valence
bands: inter-layer asymmetry U and intra-layer asymmetry
�AB (between A and B sublattice sites on each layer). Again,
in principle it could be possible to distinguish between them as
U leads to a Mexican hat band structure [11, 12] whereas �AB

does not. In our analysis, when comparing the conduction and
valence bands, we assumed that the tight-binding parameters
remain constant during such a comparison. However, one
could imagine a scenario where they would vary during
the course of a spectroscopy experiment. For example,
the inter-layer asymmetry U is sensitive to the electrostatic
environment and it will, in general, vary as the Fermi level
in the system is changed. This effect should be taken into
account when attempting to measure electron–hole asymmetry
experimentally.
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