
limit. This can be tran slated in to a fractal Weyl law for the lon g -livin g states (which
are associated to the u n iversal fl u ctu ation s in the R M T reg ime). S u ch laws have been
previou sly predicted by q u an tization of the classical repeller, based on the G u tzwiller
trace formu la for chaotic systems. We fi n d that the eff ect can be ex plain ed on the
mean -fi eld level, which allows u s to con sider n on -chaotic situ ation s as well. F ig u re 4
demon strates the mean -fi eld correspon den ce of short-lived states with classical reg ion s
of fast escape for the case of a soft-chaotic system (the phase space is divided in to
stable an d u n stable reg ion s).
Tradition ally, semiclassics an d ran dom-matrix theory have been viewed as complimen -
tary methods. It is g ood to see that they can be combin ed to open u p n ew areas of
applicability where each method by itself was at a failu re.

[1] Ph . J acq u o d , H . S ch o m e ru s, an d C . W . J . Been ak k e r, Ph y s. R e v . L e tt. 90, 2 0 7 0 0 4
(2 0 0 3 ).

[2 ] J . Two rzy d lo , A . Tajic , H . S ch o m e ru s, an d C . W . J . Been ak k e r, Ph y s. R e v . B 6 8 , 115 3 13
(2 0 0 3 ).

[3 ] H . S ch o m e ru s an d J . Two rzy d lo , Ph y s. R e v . L e tt. 93 , 15 4 10 2 (2 0 0 4 ).

[4 ] J . Two rzy d lo , A . Tajic , H . S ch o m e ru s, P. W . Bro u wer, an d C .W .J . Been ak k e r, Ph y s.
R e v . L e tt. 93 , 18 6 8 0 6 (2 0 0 4 ).

3.1.21 M u ltisc a lin g in A n d e rso n lo c a liz a tio n

Mikhail T it o v an d H e n n in g S c ho m e r u s

An derson localization is on e of the most remark able phase-coheren t phen omen a. It
reveals itself in an ex pon en tial decay of the wave fu n ction of a classically free particle.
This phen omen on is a resu lt of mu ltiple phase-coheren t back ward scatterin g , which is
especially pron ou n ced for a particle restricted to a sin g le spatial dimen sion (to a lin e).
S mall fl u ctu ation s in the poten tial lan dscape do n ot aff ect the classical motion of a
particle, while q u an tu m-mechan ically they can act as an eff ective poten tial barrier.
U n lik e man y other phase-coheren t phen omen a, An derson localization can n ot be u n -
derstood within the well-developed framework of q u asi-classical theory an d req u ires a
thorou g h theoretical in vestig ation . At presen t, the detailed theory is limited to a sim-
ple class of on e-dimen sion al n on -in teractin g systems, which have man y specifi c featu res
of their own . It remain s to be a challen g e to distin g u ish the u n iversal properties of
these systems from those which are model-depen den t.
In a series of recen t work s [1 – 4] we ex pan d the ex istin g theory of localization to a
broader class of models. In particu lar we stu dy the eff ects of lattice symmetry on
the u n iversal properties of the con du ctan ce, den sity of states, time-delay etc. The
an alytical method developed in R ef. [1 ] appears to be very su ccessfu l in the scalin g
an alysis of the u n iversal fl u ctu ation s of these q u an tities. The g en eral arg u men ts g iven
by An derson , Thou less, Abrahams, an d F isher as early as in 1 9 8 0 on the basis of scalin g
theory provide u s with the con jectu re that the con du ctan ce fl u ctu ation s in disordered
metals are u n iversally characterized by a sin g le parameter. O u r an alytical approach
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Figure 1: Weak band -c enter and band -e d g e anomalie s in the stand ard one-d imensional A n-
d e rson mod el with white-noise d isord e re d potential. T he le ft panel shows the coeffi c ients Cn

as the fu nction of energ y. T he fi nite ratio C3/ C1 ind icates the v iolation of the sing le parame-
te r scaling . T he d ata points are the re su lt of a nu merical simu lation of R e f. [2 ]. T he c u rv e s
are the analytical pre d ictions of R e f. [1 ,2 ]. T he rig ht panel shows the fi rst thre e c u mu lants of
ln g at the band center as the fu nction of system siz e L. T he linear g rowth of the cu mu lants is
the re su lt of the central limit theorem. T he slopes of the straig ht lines follow the pred ictions
of R e f. [2 ].

 4.84

 4.86

 4.88

 4.9

 4.92

 4.94

 0  0.5  1  1.5  2

c 3
/c

1

-E/t

1
2

4
9

3
7

2
5

3
8

1
3

2
7

1
4

2
9

1
5

1
6

1
7

 0.0001

 0.001

 0.01

 0.1

-50 -40 -30 -20 -10  0

P
ln

g(
ln

g)

ln g

Cauchy
box

 Gaussian

Figure 2 : T he fi g u re illu strates the mu ltiscaling in the A nd e rson mod el with C au chy d isord e r
(L loyd mod el). T he le ft panel shows the ratio C3/ C1 accord ing to the analytical re su lt of
R e f. [4 ]. T he ratio re v eals anomalie s at energ ie s E = −2t cos(πp/ q) with p and q integ e rs.
T he corre spond ing rational nu mber p/ q is ind icated in the fi g u re . T he rig ht panel shows the
d istribu tion fu nction of the log arithm of the cond u ctance obtained nu merically in R ef. [4 ]
from the A nd e rson mod el with C au chy d isord e r (fu ll c irc le s), box d isord e r (open circ le s),
and G au ssian d isord e r (open sq u are s). T he d e v iation from the parabolic form for the case of
C au chy d isord e r is a sig natu re of mu ltiscaling .
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Figure 3 : This figure refers to an Anderson model with correlated disorder (correlation
length: three lattice constants) at energy E = 1 (quarter band). The left panel shows
the non-uniform distribution of the phase of the refl ected wave, obtained from numerical
simulations (filled circles) and our analytical theory (solid curve). The right panel show the
mean of ln g from the numerical simulations (filled circles), which clearly deviate from the
prediction of perturbation theory (solid line).

allows to find and explain important situations where such single parameter scaling
fails.
The violation of the single parameter scaling is shown to be related to the lattice
symmetry of the model and can be essentially enhanced if disorder is short-range
correlated. It turns out that a specific disordered potential can have different effects
on the wave-functions at different energies. In one dimension this leads to a partial
delocalization of certain states on the lattice. A well-known example is the D yson
singularity in the localization length (affecting also other quantities, such as the density
of states) which is caused by the presence of a completely delocalized state at the band
center. It emerges in systems where the potential disorder is absent and only hopping
integrals fluctuate. The existence of similar effects in lattice models with potential
disorder and the ensuing deviations from single-parameter scaling is an entirely new
development [1–4].
We discuss these effects in terms of the self-averaging behavior of the logarithm of the
conductance g. In one-dimension, ln g is an additive quantity in the sample length n
(measured in units of the lattice constant). The fluctuations of ln g are shown to fulfill
the central limit theorem, which predicts a linear growth of cumulants with the system
size 〈〈(− ln g)j 〉 〉 = Cjn + O(1), where the coeffi cients Cj are proven to be universal.
In the simplest model of white-noise potential disorder the single parameter scaling
predicts C2 = 2C1 with all other coeffi cients vanishing, Cj = 0 for j ≥ 3 . H owever,
small deviations from such behavior can be observed in the vicinity of the band center
and of the band edge [2]. The ratios C2/ C1 and C3/ C1 are plotted at Fig. 1. The finite
value of the ratio C3/ C1 demonstrates the violation of single parameter scaling.
The possibility to observe Anderson localization of electrons is limited to low dimen-
sional systems at low temperatures. H owever, a similar phenomena (dynamical local-
ization) exists in optical lattices. In experiments on atoms driven by a regular train
of laser pulses, the probability distribution function of atoms in momentum space is
seen to relax from an initial Gaussian into an exponential profile, demonstrating the
absence of diffusion in momentum direction.
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The widely used model which captures many essential details of the experiments is
the kicked rotator, which in turn has been mapped onto the Anderson model with
an effectively random C auchy-distributed potential (L loyd model). The wave-function
profile Ψ in the localized regime is again characterized by the coefficients Cj in the

central limit theorem,
〈〈

(ln |Ψ|2)
j
〉 〉

= Cjn + O(1), with the only difference that n

counts the number of laser pulses (kicks). We demonstrate in Ref. [4] that the lattice
model with C auchy disorder gives rise to multiscaling behavior. Some of our results
are presented in Fig. 2.
Work in progress indicates that the anomalies of the wave-function fluctuations are
greatly enhanced if the disordered potential has finite-range correlations. As an exam-
ple, we consider a model of disorder with correlations over three lattice sites. As shown
in Fig. 3, at energy E = 1 the phase of the reflected wave is not uniformly distributed,
and the localization length departs from the perturbative estimate. B oth observations
violate the basic assumptions of single-parameter scaling.
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3.1.22 E lectrical resp onse of m olecular ch ains from density

functional th eory

Stephan Kümmel, L eeor Kronik, and J ohn P . P erdew

Molecular chains are systems that consist of a linear sequence of molecular units. Such
chains are important in different fields and contexts, ranging from biochemistry to
plastics fabrication. Among the many classes of molecular chains, conjugated chains,
i.e., chains with alternating single and double bonds, are of particular interest in the
field of molecular electronics and nonlinear optics. The prototypical example of a
conjugated chain is polyacetylene, the electronic structure of which is schematically
depicted in Fig. 1. The valence electrons in such a chain show a very high mobility
along the backbone of the chain, but very little perpendicular to it. This leads to a
fast, large, and directional electrical response in the linear as well as in the nonlinear
regime. Therefore, hopes are high that materials based on such chains can be used as
alternatives to inorganic solids for non-linear optics tasks such as frequency doubling
of lasers, and also to build advanced nonlinear optics devices.

C C

C C

C

C

C

C

H H H

H H H

H

H

Figure 1: Schematical sketch
of the electronic structure of
the conjugated chain trans-
polyacetylene.
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